An analysis of the radial structure of the ion-temperature-gradient-driven mode is presented and the dependence of the radial correlation length L, on parameters such as magnetic shear is discussed. It is found that L, decreases algebraically with increasing shear for moderate to large shear values, and it decreases exponentially with decreasing shear for low shear values. These results seem in qualitative agreement with several experiments which observe strong reduction of the transport coefficients close to the magnetic axis.
I. INTRODUCTION
The theoretical understanding of the ion-temperaturegradient-driven mode (rli mode qi=d In T/d In n) dynamics has significantly improved over the past few years. Different parameter ranges have been investigated, as low and moderate to high magnetic shear (s=rq'/q, with q being the safety factor), short and long wavelengths, peaked and flat density profiles. '" In spite of such an effort, a model for the energy transport capable of accounting for all the parametric dependencies of the thermal conductivity x has not been yet derived. Since a derivation for x from first principles cannot be obtained at present, a very crude estimate is often made and employs the so-called mixing length argument, xz L:/T,, where L, is the mode radial correlation length and rc the autocorrelation time of the turbulent fields. Among the various problems which arise in the comparison between experiment and such an estimate of the diffusion coefficients, the most apparent discrepancy is in its radial dependence. Indeed, the theoretical models predict a decrease in the outer part of the discharge, while a monotonic increase toward the edge is observed in the experiments. Such a disagreement can be traced back to the estimate for the characteristic step size of the diffusion process, which can be identified with L,. This quantity is usually estimated as the perpendicular wavelength of the mode which is of the order of the ion Larmor radius pi, and therefore decreases very rapidly toward the edge.
As it will be shown in a moment, such an estimate is incorrect in a toroidal system. It is worthwhile recalling here that in a tokamak the perturbed electrostatic potential can be written as a superposition of different poloidal harmonics coupled by the effect of toroidicity. If the overlap between neighboring harmonics is significant they tend to be strongly correlated, and therefore to change in time at the same frequency. Such a correlation is partially destroyed by the tendency of each harmonic to rotate in the poloidal direction at the local diamagnetic velocity. As a result of the competition between these two effects the global eigenmode extends in the radial direction over a finite range L,. If the overlap between neighboring harmonics decreases, the strength of the toroidal coupling is weakened and L, decreases. Conversely, if the difference between the local values of the diamagnetic frequencies decreases, the number of harmonics which can be coupled increases and so does L,.
The standard estimate for L, ( L,~pi) corresponds to identify the radial correlation length with the width of a single harmonic. From the above discussion it is clear that such an estimate is not always correct and L, should be rather identified with the global radial extent of the mode, resulting from a superposition of different harmonics. This fact has two major consequences.
First, L, is expected to be much larger than pi, and indeed there is growing experimental evidence in favor of radially elongated turbulence.' It is important to stress that a correct estimate of L, is also relevant to the question of whether the tokamak transport exhibits a Bohm rather than the conventional gyro-Bohm scaling. If the radial correlation length does not simply scale as pi but also involves a macroscopic length L, e.g., L,z (piL)"* > pi, the expected mixing length transport tends to scale as the Bohm diffusion coefficient.
Second, magnetic shear can be expected to play a major role in determining L,. It is interesting to note that several experiments have shown a dependence of the energy transport on the magnetic shear. To be specific, the Tokamak Fusion Test Reactor (TFTR)' current ramp experiment' has shown that the ion thermal diffusivity decreases with increasing shear in the outer part of a discharge, where the magnetic shear is larger than unity. On the other hand, the Joint European Torus (JET)" pellet experiment" has observed a lower transport level only in the presence of a very low (or inverted) shear region. As further evidence that might support the role of shear in affecting the energy and particle transport, even though such a connection has not always been explicitly pointed out, it is important to note that many experiments observe a strong reduction of x close to the magnetic axis, where s is small, if the effect of sawteeth is suppressed.'**i3
In order to determine the radial correlation length, the solution of the fully two-dimensional eigenmode problem must be obtained. Within the context of the ballooning formalism, l4 this corresponds to solve the problem at the next order with respect to the usual one-dimensional eigenmode equation which determines the mode structure along the magnetic field lines. It should be noted that, with very few exceptions,'5-'7 nobody has addressed this issue in the past. The aim of the present work is to determine the radial structure of the vi-mode eigenfunctions for both low and moderate to high shear values.
The most important result of the analysis is a strong dependence of the radial correlation length with shear. To be specific, while for moderate to high shear values the correlation length tends to be very long, for low shear values it is strongly reduced by the decrease of the toroidal coupling. The transport coefficients are expected to display an analogous behavior, namely to be smaller in the low shear region close to the magnetic axis than in the outer region, characterized by shear values larger than unity. This paper is organized as follows: in Sec. II the general formalism is presented. In Sec. III the radial problem is solved for the short wavelength, moderate to high shear case. In Sec. IV the same problem is solved for the long wavelength, low shear case. Concluding remarks are given in Sec. V.
II. GENERAL FORMALISM
In this section the general solution of the twodimensional eigenvalue problem is discussed, following the analysis presented in Ref. 18, originally made within the context of a stability analysis of the toroidal Alfven eigenmode.
In a two-dimensional system the electrostatic potential 4 can be expressed as a superposition of different poloidal harmonics:
where n is the toroidal mode number, 5 (6) is the toroidal (poloidal) angle, w is the mode frequency, and x=r--r. the radial variable, with r. being a reference radius and m. being defined by q( ro) = m,,/rz. Within the context of the ballooning mode representation I4 it is assumed that neighboring poloidal harmonics 4P have similar shape, simply shifted by an amount l/nq' which corresponds to the distance between neighboring rational surfaces. The global mode structure is given by a superposition of harmonics with similar shape and modulated by a slowly varying envelope function A (x)
The typical radial extent of A(x) determines the effective range of toroidicity-induced coupling between different harmonics. If an eikonal representation for A(x) is employed, A(x) can be written as
where the radial wave vector k, has been normalized to nq'. The solution of the global eigenmode problem is thus accomplished in two steps. At the lowest order, the determination of the eigenmode structure along the magnetic field lines of the usual ballooning formalism corresponds to deriving an expression for the shape function $o, At the next order the envelope A(X) and the global eigenvalue are obtained. This fact allows us to construct the global structure as a superposition of local solutions.
It is convenient to illustrate such a procedure by considering the quasineutrality equation in the fluid approximation. On defining the Fourier transform of the function $. as #o(~) = J$o (6) 
The derivation of Eq. (5) is the final result which may be obtained from the usual ballooning mode formalism at the lowest order. At next order's we need to solve the pseudodifferential problem obtained from Eq. (5) with the substitution Bk= -i( l/nq')d/dx. In most of the analyses of the Ti mode such a procedure is not carried out. Following the theoretical analysis of ideal ballooning modes, the quantities x and Bk are simply set to zero and a "local" approximation to the global eigenvalue is determined. For ideal ballooning modes the local eigenvalue differs from the global one by an O( l/n) quantity. For the rti mode, however, this is not the general case and the solution of the next order problem is required.
With the explicit form of F(W,X,f&) it is possible to find an approximate solution for A (x) by using the standard Wentzel-Kramers-Brillouin-Jeffreys theory," (WKBJ) Far from the turning points it is possible to employ the eikonal representation given in Eq. (3) with Ok being determined as a function of x from Eq. (5). The eikonal approximation is justified as long as the radial wave vector k, varies on a scale length longer than k;*, i.e., if 1 a& I I iqax gl-(61 Upon expressing k, in term of Ok, the above condition can be written as I $gJ 4 Iw'l. 
A. Solution of the radial problem
The aim of this section is to individuate the most important class of solutions of Eq. (5). In order to illustrate the above formalism, it is convenient to consider the simple example given by the following dispersion relation:
Even though such a form might appear rather arbitrary, it will be shown in the next section that is indeed the general form of the local dispersion relation of the vi mode. The function f(x) is associated to the radial variation of the diamagnetic frequency (i.e., to the radial variation of the temperature profile) and the cos ok term is associated to the effect of curvature.
Since x and ok formally behave as a pair of conjugate variables, the function F can be regarded as an Hamil- tonian, and the behavior of the solution can be discussed by considering the phase space trajectories in the (f&,x) plane (Fig. 1) .
Assume first that (dF/ax) = 0 at a point in the domain of interest which can be identified with x=0. Then the function f(x) can be approximated as f(x) zx2/2L2 and the resulting Hamiltonian F is that of a pendulum. The trajectories which start near the point x=0, ek=O, always remain near the origin and describe closed orbits, with turning points located at ek=O. On expanding the cos ok for small arguments and using Eq. ( lo), the following dispersion relation is obtained:
Therefore the radial position of the turning points is given by the following expression
Note that this kind of mode has a radial correlation length L,zRe (xr+-xr-) that depends on the toroidal mode number and which corresponds to an intermediate scale length between the distance between mode rational surfaces l/nq' and the equilibrium scale length L. This kind of solution has been considered in the original paper on the ballooning representation.14 The reason why the determination of the radial mode structure has always been neglected in the literature is apparent from Eq. ( 12). For low radial mode numbers (2~ 1 ), the difference between the eigenvalue determined by using the ballooning mode formalism at the first order [Eq. ( 12) ] and the eigenvalue determined by simply setting x=0, &=O in the local dispersion relation Eq. ( 1 1 ), is only a correction 0( l/n).
Assume now that in the domain of interest (aF/ax) does not vanish. For the purpose of illustration, it is convenient to approximate the function f(x) as f(x) z-x/L.
The phase space trajectories no longer remain close to the origin and instead describe orbits similar to the open orbits of a pendulum. These solutions have been recently proposed in Refs. 18 and 20. In this case the cos ok term cannot be expanded since it takes all the values between -1 and + 1. Upon using Rq. ( 10) the dispersion relation takes the form and the turning points, located at 6$=0, rr are given by
The most important difference with respect to the previous case is that the mode has a global nature. Indeed the radial correlation length L,~=Re(xr+ -xr-) is independent of the toroidal mode number and is of the order of the equilibrium scale length. It is important to stress that the eigenvalues associated to this kind of solution are different from those obtained by using the approximation x=0, (&=O, as is apparent by comparing Eq. (12) with Eq. (14). Therefore the solution of the fully two-dimensional (2-D) problem must be obtained in order to determine the growth rate and the threshold for such a mode.
In summary, two classes of solutions are expected from Eq. ( 11) (17)
In this case the change in the linear eigenvalue (and in all the related quantities as the linear threshold for the instability) produced by the radial eigenmode problem is 0( 1) . Obviously the latter class of solution is potentially more dangerous than the former, due to the larger radial extension.
Ill. SHORT WAVELENGTH, MODERATE SHEAR LIMIT
It is convenient to begin the discussion from the short wavelength, moderate to high shear limit. The associated ordering corresponds to balancing parallel ion compressibility, curvature, inertia, and adiabatic electron response on the connection length scale @z 1, yielding'-" and I 8-ok [ s 1. The structure of each poloidal harmonics is given by ~o~exp [-o(8-80)2] with 2o=: -i(m/oJkop~. Upon transforming back to real space it is possible to see that the radial width of each poloidal harmonic is given by Ax=:p#4(q/s) . 1'2 In this limit the eigenfunction has a moderate ballooning structure which can be analytically determined by using the strong coupling approximation2' as shown in the Appendix, yielding
where the FLR term has been neglected. Equation (18) is the correct expression for the local dispersion relation in the strong coupling approximation. Nowever, rather than solving Eq. ( 18) directly, it is convenient to consider the case in which the terms proportional to (s-1) and (s-l/2) are neglected. Such an approximation is not expected to change qualitatively the behavior of the solution and it allows us to obtain explicit analytical expressions for the radial correlation length. Therefore, in the rest of this section the following dispersion relation will be considered
cos ek+i z kepis=O.
..-r (19) This equation is similar to that obtained in Refs. 1 and 3, the only difference being the explicit dependence on Ijk. For the sake of simplicity it is convenient to discuss Eq. (19) in the flat density limit (w*~=O) and well above threshold (erg 1)
(20) Equation (20) 
is valid up to O(E~').
Assume first that a point r. exists in the complex r plane at which dF/dr=O.
Upon expanding around such a point a Weber equation is recovered with phase trajectories similar to the closed orbits of a pendulum. The resulting eigenvalue is obtained from Eq. 
Upon taking the lowest radial eigenmode Z=O, it is possible to see that its radial extension corresponds to a coupling of a number (nq' 1 LoI ) 1'2 of mode rational surfaces. It is interesting to express the radial correlation length in terms of pi yielding
with kepi~ ET 1'4. Note that the assumption xT/ 1 La 1 ( 1 is satisfied for l<nq' I Lo I . It is important to stress that in the short wavelength, moderate to high shear limit the shear dependence of the radial correlation length is algebraic xTz=s . -1'2 In this case the radial correlation length and the width of each poloidal harmonic Axzp,~~"~(q/s)"~, even though different in magnitude, have the same dependence on shear.
After having found the solution, it is interesting to ask under which condition a point exists in the complex r plane at which M/&=0. Upon neglecting the s/q term and recalling that k*=nq/r, such a condition can be written as
ii ( ~$D)r=,-$ ( &)rEr=o-(25)
For typical temperature profiles, as, e.g., Gaussian profiles, T; z r as r-0, i.e., near the magnetic axis, while T, and Ti decrease very fast toward the edge. Therefore no points exist on the real r axis at which dF/dr=O. Only if the ion temperature profile is flat in the inner part of a discharge, as, e.g., after a sawtooth crash, can Eq. (25) be satisfied at some point, and thus the above analysis can be applied, provided that shear is finite.
It should be noted that Eq. (25) can be satisfied, also for normal temperature profiles, for complex values of r. However, since the distance between each turning point and the real axis is of the order of the equilibrium scale length and much larger than the width of the envelope, the effect of those modes can be neglected.
In order to discuss the case of more realistic temperature profiles, the term dF/& must be retained. The phase space trajectories in this case are similar to the open trajectories of a pendulum with turning points located at ek=O, rr. For the sake of simplicity it is convenient to assume again that the eigenfunction is sufficiently localized around r=r, that a local expansion of the equilibrium quantities can be employed. Following the derivation of Eq. ( 14), the resulting eigenvalue equation determined by Eq. (lo), is
dr0) nq'(r0) Ll' which yields the following expression for the I=0 eigenvalue W=(~~*~~~)1'2[elln/d+f (?) '"I, (27) In Eq. (27) the following macroscopic length has been defined &=$ [ rtiz;D( '+&) +i$$]r=,- (28) Note that the growth rate is entirely determined by parallel dynamics since the normal curvature term has been averaged out by integrating the cos ok term between the turning points. Nevertheless the radial structure of the mode is still determined by the toroidal coupling. The turning points are located at r=rofxT-l/nq' with x7-=2,5,.
After the substitution of Eq. (27) into Eq. (29) it is possible to see that, if the O(E',/~) corrections to w and L, are neglected, the turning points are located in the complex x plane at positions symmetric with respect to the real axis @(XT) =O]. A better estimate for xr can be obtained by keeping the O(E',/~) correction in Eqs. (27) and (29), yielding
with a being the minor radius. Again, the shear dependence iS algebraic xrzs -1'2. Note that, since a local expansion has been used for the equilibrium profiles, the above result is valid if L, is much smaller than the typical scale length of variation of temperature and safety factor. From the definition Eq. (28)) such a condition is satisfied for s/q> 1. In summary, from the result of the above analysis the formation of very elongated structures in the radial direction is expected for typical temperature profiles and moderate to high shear values. The radial correlation length estimated in this limit ranges from
Such a conclusion is in agreement with recent numerical findings of particle simulation codes22 or 2-D linear eigenvalue codes17 which indeed observe the formation of such structures.
IV. LONG WAVELENGTH, LOW SHEAR LIMIT
In the long wavelength limit ( kepig~ ',/4) or for low shear values (s g 1) , the eigenfunction becomes broad and the strong coupling approximation can no longer be applied. In this case two branches exist, a toroidal and a slablike branch.4 The eigenmode considered in this paper in the short wavelength limit is connected with the toroidal branch in the long wavelength limit. The eigenfunctions belonging to such a branch exhibit a fast variation over the connection length scale along the equilibrium field, with a superimposed slow variation over a secular scale. The other branch, which also exists in slab geometry, is characterized by a variation along the equilibrium magnetic field dominated by the secular scale, with superimposed small oscillations on the connection length scale.
In order to determine the radial mode width, the explicit form of the local dispersion function must be found. This, however, is not straightforward as in the moderate to high shear limit, because a regular perturbation theory fails to give any 19~ dependence of the dispersion relation at all the orders in s. The reason is that the toroidal coupling tends to vanish faster than any power in s, since each poloidal harmonic tends to become localized with respect to the distance between mode rational surfaces. Thus it is convenient to solve Eq. (4) Meanwhile, for the slablike branch the trial function is given by Jo= I+~COS 8+E(8-B&in e
( 1 e-@-ek)2,
with -ff$s, A= for modes propagating in the ion direction [R(E) < 01, Note that the above expressions require e/s< 1, in addition to ~(1. Therefore the following inequalities must be satisfied: (37) It is now possible to determine the radial mode structure following the analysis of Sec. III.
Considering first the case of modes propagating in the ion diamagnetic direction, and taking the flat density, small ET limit, Eq. (36) takes the following form:
with e. evaluated at r=ro. The eigenvalue is given by w z (7 1 #*rB 1 r&/4) 1'3e2ilr/3, The radial variation of the function F is associated to the first term of the rhs. Since its radial dependence is similar to that discussed in the short wavelength case, it is again possible to distinguish between the case of flat and peaked temperature profiles. Note also that the radial variation in the parameter E has been neglected. For flat temperature profiles around the magnetic axis, a point r. exists at which aF/&=O. The mode turns out to be localized between r&txr with ~y=3~~~($)~'ieli~+~( 1-;)11*(21+1) 1'2 (39) and If no point exists at which S/&=0, it is possible to expand the local dispersion function around a generic position r=ro, keeping only linear terms. The mode is localized between the turning points at re&xr, with factor. Such a term is a measure of the toroidal coupling between different harmonics. As a result, the radial eigenmode width decreases exponentially as exp [ -c/(qs) ], with CZ2 -7'3Eg3( kep;) --4'3( qr) -1'3 being of order unity for keps (ET/V) ' L'4 Such a fast dependence cannot be recovered by a regular asymptotic expansion, because the dependence on the parameter E is not algebraic for e--*0.
In the case of modes propagating in the electron diamagnetic direction, the eigenvalue is given by W(+J*T&Zd4) * "3 For flat temperature profiles around the magnetic axis the mode localization turns out to be e-"8u cos ek.
As already noted in the case of the toroidal branch, the above dispersion relation requires the inequality Eq. (37) to be satisfied. It is now possible to determine the radial mode structure following the analysis of Sec. III. Note first that the function F always has a minimum located at some point r=ro (dF/&=O) due to the presence of the shear parameter in the denominator of Eq. (45). Upon defining the macroscopic length Lo as io2 TW*Tptikepp( 
If the radial correlation length becomes smaller than the distance between mode rational surfaces there is no longer any coupling between different poloidal harmonics. Such a transition occurs at nq'+z 1. Since the radial dependence of xz comes mainly from the exponential factor, the latter condition can be written as l/3 ET rq'=a (kepi)4'3(qT) 1'5' with azO.5 to 0.1 depending on the various cases.
V. CONCLUSIONS
In this paper the radial eigenmode structure of the ion-temperature-gradient-driven mode has been determined both for the case of short wavelengths, moderate shear and for the case of long wavelengths, low shear. It has been found that the radial mode localization is determined by the equilibrium profiles. For typical temperature profiles the radial correlation length is independent of the toroidal mode number, and thus of the ion Larmor radius, has an inverse algebraic dependence on s, and scales as the macroscopic dimension of the device [L,zuP( q/s) 1'2, with up the minor radius]. This is true as long as toroidal coupling is sufficiently strong to produce a radial correlation length which is larger than the width Ax of each poloidal harmonic of the eigenfunction. If such a condition is not satisfied, the radial correlation length can be identified with Ax and is of the order of the ion Larmor radius. The transition from the case s= 0( 1) to the case s4 1 is very sharp. The radial correlation length decreases as exp[-cc/ (qs)], with c being of order unity.
It is important to stress that the result of the onedimensional analysis always predicts a monotonic increase of xi with decreasing shear since the radial width of each poloidal harmonic scales with shear as s-l/2.
It is important at this point to compare the above results with the experimental findings mentioned in the Introduction. A detailed comparison cannot be made, at present, since a complete transport model cannot be derived from first principles. For the sake of simplicity it is convenient to make use of the conventional mixing length argument, even though we do not want to put a special emphasis on such an estimate. On applying a mixing length estimate, the above 2-D analysis predicts a strong reduction of transport for s < 1, a situation that, for typical tokamak equilibria, is found close to the magnetic axis. This is in agreement with several experimental findings which seem to indicate a very low level of transport near the plasma center12 or when sawtooth activity is stabilized using radio-frequency (rf) current drive.13 An increase of Xi is instead predicted in the external part of a discharge, where typically s > 1. This is mainly due to the fact that toroidal coupling is strong and produces large values of L, . In such a case x is expected to have an inverse algebraic dependence on magnetic shear x z (q/s). This is in agreement with the experimental results of the current ramp experiments,' which indeed observe a similar dependence in the region which is affected by the perturbation, i.e., the plasma periphery. Note that during the transient phase the change in temperature is smaller than the change in q/s.
The transition between the two regions occurs for qs=rq'z 1, (491 in agreement with recent experimental observations on JET.23 Note that the reduction of the diffusion coefficients close to the magnetic axis is observed both on particle'2*23 and on energy,13 as expected if electrostatic instabilities are responsible for anomalous transport. It should be noted that the lack of dependence of the radial correlation length on the ion Larmor radius indicates that conventional gyro-Bohm estimates of drift wave transport might not be necessarily appropriate. To be specific, the thermal conductivity in the region s < 1 is expected to exhibit the conventional gyro-Bohm scaling, since L, scales as the ion Larmor radius. On the contrary, in the outer part of a discharge (S > 1 ), where the radial correlation length scales as the macroscopic dimension of the device, a dependence closer to Bohm is expected. Therefore the global confinement will display a scaling intermediate between the two.
In order to draw a definitive conclusion on this issue, a deep understanding is needed of the nonlinear evolution of the radially elongated structures described here, which could be destroyed by secondary instabilities. 
